We discuss quantum phase transitions from an information-theoretic point of view, based on the information from local observable measurements. Two types of transitions naturally arise from our approach, for smooth changes of local Hamiltonians. One type can be detected by a non-smooth change of local observable measurements while the other type cannot. The discontinuity of the maximum entropy inference for local observable measurements signals the non-local type of transitions, indicating the existence of long-range irreducible many-body correlations. As commonly recognized, the topological phase transitions are non-local where the maximum entropy inference are indeed discontinuous at the transition points. We clarify that, however, the 'symmetry-breaking' phase transitions, for instance the one in the transverse Ising model, are also non-local with discontinuity of the maximum entropy inference. We propose to detect the non-local type of transitions by the quantum conditional mutual information of two disconnect parts of the system. The local/non-local types have intimate relationships with the first-order/continuous types of quantum phase transitions.
I. INTRODUCTION
Quantum phase transitions happen at zero temperature, which is believed to be driven by quantum fluctuations, with no classical counterpart [1] . It has been a central topic in the condensed matter physics community during the past several decades involving the study of exotic phases of matter such as superconductivity [2] , fractional quantum Hall systems [3] , and recently the topological insulators [4] [5] [6] . In recent years, it also becomes an intensively studied topic in quantum information science community, mainly due to the intimate connection to the study of local Hamiltonians [7] .
In a usual model for quantum phase transitions, one considers a local Hamiltonian H(λ) which depends on some parameter vector λ. While H(λ) smoothly changes with λ, the change of the ground state |ψ 0 (λ) may not be smooth, where quantum phase transition happens. Such kind of phenomena is naturally expected to happen at a level-crossing, or avoid (but near) a level-crossing [1] . Intuitively, the change of ground states can then be measured by some distance between |ψ 0 (λ) and |ψ 0 (λ + δλ) . For a small change of the parameters λ, such a distance is relatively 'large' near a transition point, while the Hamiltonian changes smoothly from H(λ) to H(λ + δλ).
There are different distances known to measure the difference of two quantum states [8, 9] . One choice could be the quantum state fidelity as used in the popular fidelity approach, whose validity has been demonstrated in many physical models for signalling quantum phase transitions [10, 11] . While the fidelity approach is believed to be a signal for many kinds of quantum phase transitions, it does not specify the kind of the transition, for instance symmetry-breaking or topological.
In this work, we explore an information-theoretic viewpoint to quantum phase transitions. Our approach is based on the structure of the convex set L given by all the possible local measurement results, and the corresponding inference of the global quantum states based on these local measurement results. Based on the principle of maximum entropy, the best such inference compatible with the given local measurement results should be the unique quantum state ρ * with the maximum von Neumann entropy [12] .
It is known that in the classical case, the maximum entropy inference is continuous [12] [13] [14] . This means, given two sets of local measurement results α and α , if they are close to each other, the corresponding inference ρ * (α) and ρ * (α ) are also close to each other. However, this is not true in the quantum case, as a small change of local measurement results may correspond to dramatical change of the global quantum states, in cases such as the topological phase transitions, hence the maximum entropy inference is discontinuous.
We show that the discontinuity of maximum entropy inference signals quantum phase transitions of the non-local nature. That is, smooth change of the local Hamiltonian H(λ) corresponds to smooth change of the local density matrices ρ L (λ), but dramatical change of the global density matrices (represented by the maximum entropy state ρ * (λ) supported on the ground state space of H(λ)). This discontinuity indicates the existence of long-range irreducible many-body correlations, i.e. correlations that cannot be implied by local reduced density matrices, in some of the ground states. We propose to detect the non-local type of transitions by the quantum mutual information of two disconnect parts of the system, conditionally on the remaining parts of the system, for the ground states.
We apply the concept of discontinuity of the maximum entropy inference to some well-known quantum phase transitions. As commonly recognized, the topological phase transitions are non-local where the maximum entropy inferences are indeed discontinuous at the transition points. We clarify that, however, the 'symmetry-breaking' phase transitions, for instance the one in the transverse Ising model, are also nonlocal with discontinuity of the maximum entropy inference. We show that the non-local transition in the ground states of the transverse Ising model can be detected by the quantum mutual information of two disconnect parts of the system. We organize our paper as follows. In Sec. II, we discuss the concept of the maximum entropy inference and summarize some important relevant facts. In Sec. III, we analyze the phenomena of the discontinuity of the maximum entropy inference ρ * in the case of general measurements. In Sec. IV, we apply our general understanding of the discontinuity of ρ * to the situation of local measurements and link it to the concept of the long-range irreducible many-body correlation, based on which we propose to detect the non-local type of transitions by the quantum conditional mutual information of two disconnect parts of the system. In Sec. V, we apply the concept of discontinuity of the maximum entropy inference to both the transverse Ising model and the toric code model. Finally, in Sec. VI we discuss the relationship between our local/non-local type of transitions and the different types of level-crossing (or the different types of quantum transitionsfirst-order/continuous types).
II. THE MAXIMUM ENTROPY INFERENCE ρ *
We start to formulate our settings. We discuss the concept of the maximum entropy inference and summarize some important relevant facts.
A. The general case
We consider a complex Hilbert space H of dimension d, i.e. a d-dimensional complex space C d equipped with the standard inner product. For any quantum state ρ acting on H, generally mixed, we choose to measure r observables F = (F 1 , F 2 , . . . , F r ). These measurements will then return r expectation values α i = tr(ρF i ), i = 1, . . . , r. Let us write those measurement results in terms of a vector α = (α 1 , . . . , α r ). Now define the set of all such vectors α as L(F) = {α|α = (tr(ρF 1 ), . . . , tr(ρF r )) for some ρ}, (1) which is the set of all the possible measurement results. We remark that L(F) is also known as quantum convex support in literature [15] .
Notice that L(F) is a compact convex set in R r . If all the F i s are commuting (i.e. [F i , F j ] = 0, corresponding to the classical case), then L(F) is a polytope in R r .
For any
is called a linear family of quantum states.
For measurement results α, in general there are many quantum states that are compatible with α. That is, L(α) contains more than one state. Of course, if one chooses to measure an information complete set of observables, e.g. a basis of operators acting on H as one often does for the case of quantum tomography, then every quantum state can be uniquely determined, that is, L(α) contains only a single state for each α.
When d is large, it is unlikely that one can really measure an information complete set of observables. For instance, for an n-qubit system when n is large, we often can only access to the measurement results of local measurements, each involving measurements only on a few number of qudits. Therefore in general, without complete information, the question is what would be the best inference of the quantum states with given measurement results.
The answer to this question is well-known, which is given by the principle of maximum entropy [12] . That is, for any given measurement results α, there is a unique state ρ * ∈ L(α), given by
i.e. the state with the maximum von Neumann entropy S(ρ), contains no more information than just the measurement results, hence is the best inference of the quantum state. We shall then call ρ * (α) the maximum entropy inference for the given measurement results α.
It is known that the maximum entropy inference is closely related to the set E(F) of all ρ such that
for some real numbers θ 1 , . . . , θ r . The set E(F) will be called an exponential family of quantum states. We would like to summarize some important facts regarding the exponential family as the following [12, 13] . Fact 1. The exponential family contains only full rank states. Furthermore, for any full rank ρ (not necessarily in the exponential family), the corresponding measurement results α = (tr(ρF 1 ), . . . , tr(ρF r )) sits in the interior of the convex set L(F). In general we will consider the closure cl(E(F)) of E(F), which then contains non-full rank ρ * (α) with the corresponding measurement results α = (tr(ρF 1 ), . . . , tr(ρF r )) sitting on the boundary of the convex set L(F).
Physically, if we associate an Hamiltonian H with the exponential family, i.e.
for θ = (θ 1 , . . . , θ r ), then the exponential family is nothing but the Gibbs state e H(θ) / tr(e H(θ) ) [16] . Of course one can always introduce the temperature T to write
in terms of some 'real' Hamiltonian H (θ), for convenience we will simply use H(θ) as our Hamiltonian when there is no confusion. The most important thing, is that the Hamiltonian H(θ) is chosen in the span of all the measurements (F 1 , . . . , F r ).
We now have the following facts regarding the physical meaning of the exponential family and its closure.
Fact 2.
A state in the exponential family E(F) corresponds to a thermal state. A non-full rank state in the closure cl(E(F)) of E(F) corresponds to zero temperature states (ground states of some H(θ)).
Another important thing is the geometrical meaning of H(θ). For any state ρ, we have tr(ρH(θ)) ≥ E 0 , where E 0 is the ground energy of H(θ). Redefining H(θ) by shifting a constant −E 0 , we can always choose E 0 = 0 without loss of generality. Again without confusion we will still use H(θ) as our Hamiltonian and just say it has ground state energy 0. Now we have for any state ρ, tr(ρH(θ)) ≥ 0. Notice that the trace operation introduces an inner product between the operators H(θ) and ρ. Therefore, geometrically it means that H(θ) defines a supporting hyperplane of the convex set L(α) (after shifting, α = 0), which is given by all the states M satisfying tr(M H(θ)) = 0.
We are now back to discuss more about the maximum entropy inference. The following fact summarizes some important properties of ρ * (α) [12, 13] .
Fact 3. For a linear family L(α) and exponential family E(F), defined by the same observables F = (F 1 , . . . , F r ), the intersection L(α) ∩ cl(E(F)) consists of a single state ρ * (α), which has the maximum entropy among all states in the linear family L(α).
In practice, one in general cannot return the measurement results α, due to systematical or statistical errors of experiments. Therefore the question is that whether the maximum entropy inference ρ * (α) could be continuous with respect to α. The following facts summarize the known results of the continuity of ρ * (α) [12] [13] [14] .
Fact 4. The classical maximum entropy inference ρ * (α) is always continuous, where all the measurements F i , i = 1, . . . , r are mutually commuting. The quantum maximum entropy inference ρ * (α) is always continuous whenever α is in the interior of L(F) but may be discontinuous when α is on the boundary of L(F).
Based on Fact 1, because the boundary of L(F) corresponds to ρ * (α) which are ground states of some Hamiltonian H(θ), one could immediately sense that the discontinuity of ρ * (α) has something to do with zero temperature physics such as quantum phase transitions. The relationship between the discontinuity of the maximum entropy inference and quantum phase transitions is in fact the focus of our discussion in this work.
B. The local measurements
Now we move to discuss the case of many-body physics with local measurements, where all the discussions in the previous subsection essentially carry. Consider n particles each having Hilbert dimension d, hence the Hilbert space of the systems is (C d ) ⊗n , with dimension d n . We know that in these systems, for an n-particle state ρ we usually only have access to the results of a set of local measurements F = (F 1 , . . . , F r ) on the system, where each F i acting on at most k particles, where k ≤ n. The most interesting case is where n is large but k is small (usually a constant independent of n), the theory will work similarly for any k. In this sense we will just call such a measurement klocal.
Notice that each measurement result tr(ρF i ) depends only on the k-particle reduced density matrix (k-RDM) of the particles that F i is acting nontrivially on. Therefore, it is convenient to write the set of all the k-RDMs of ρ (in some fixed order) as a vector
m }, where each component is a k-RDM of ρ and m = n k . Along this line, the set of results of all k-local measurements can be defined in terms of k-RDMs, so we write the set L (k) of all such measurement results as
is the k-RDMs of some ρ}.
And similarly, the linear family can also be defined in terms of k-RDMs, i.e.
And the maximum entropy inference
The maximum entropy inference ρ * (ρ (k) ) here has a more concrete physical meaning. For any n-particle state ρ, if ρ = ρ * (ρ (k) ), then ρ is uniquely determined by its k-RDMs. In other words, all the information (including all correlations among particles) contained in ρ are already contained in its k-RDMs. Therefore, ρ does not contain any irreducible correlation of order higher than k.
On the other hand, if ρ = ρ * (ρ (k) ), then ρ cannot be determined by its k-RDMs. Therefore, ρ contains more information/correlations beyond the information/correlations in its k-RDMs. Therefore, ρ contains non-local irreducible correlation that cannot be obtained from its local correlations.
One can use a set of (to be determined) local observables
m } to define the exponential family of k-RDMs, where each element acting on a set of k particles and m = n k . Now the exponential family, for a given k, has the form
Similarly, we have the Hamiltonian
which is indeed a local Hamiltonian with each term Λ
acting nontrivially on at most k particles.
We remark that each Λ (k)
i is a k-particle operator that can be written as Λ
j=1 are some fixed basis for k-particle operators. Therefore, if we consider all the k-local measurements F = (F 1 , . . . , F r ), we will in fact have r ∼ md 2k measurements. All the other discussions in Sec. II can thus be carried over to discuss local measurements and local Hamiltonians, for instance that the zero temperature physics corresponds to the boundary of L (k) . The discontinuity of the maximum entropy inference ρ * (ρ (k) ) thus is linked to some discontinuity of the many-body ground states of local Hamiltonians, hence linked to quantum phase transitions.
III. THE DISCONTINUITY OF ρ * FOR GENERAL MEASUREMENTS A. The examples of two measurements
In order to understand the meaning of the discontinuity of the maximum entropy inference, we start from the simplest case of only two measurements, which however can already demonstrate all the key ideas which will be also valid in the general case of more measurements. In fact, choosing d = 3 for the Hilbert space dimension is enough to demonstrate all the phenomena we need to see, so we simply consider this case. We choose an orthonormal basis of C 3 as {|0 , |1 , |2 }.
Example 1. Let the two observables be
We know that the set of all possible measurement results L(α) is a convex set in R 2 . We show this convex set in FIG. 1. As discussed in Sec. II, the Hamiltonian H of relevance to the maximum entropy inference has the form
The horizontal axis corresponds to the value of tr(ρF 1 ) and the vertical axis corresponds to tr(ρF 2 ).
for some a, b ∈ R. Notice that the Hamiltonian corresponds to supporting hyperplanes of L(F), as the inner product tr(Hρ) = (a, b) · (α 1 , α 2 ). We demonstrate these supporting hyperplanes of L(F) in Fig. 2 .
The supporting hyperplanes of L(F) in R 2 (i.e. the straight lines on the figure which are tangent to L(F)), which corresponds to the Hamiltonians H = aF 1 + bF 2 .
It is straightforward to see that the ground state of H is non-degenerate except for the point a < 0, b = 0, where the ground state is two-fold degenerate with a basis {|0 , |1 } corresponding to the measurement results α = (1, 1).
Now consider the maximum entropy inference ρ * (α), which is in fact discontinuous at the point α = (1, 1). To understand this, notice that the corresponding ρ * = 1 2 (|0 0| + |1 1|). For any small , the corresponding ground state space of −F 1 + F 2 is no longer degenerate, which means ρ * (α) is a pure state for α = (1, 1). Therefore, for any sequence of α on the boundary of L(F) approaching (1, 1),
hence the discontinuity of ρ * (α) follows.
This example seems to indicate that the discontinuity simply comes from degeneracy: as in general degeneracy is rare, whenever such a point of degeneracy exists, we have a singularity on the boundary of L(F) so discontinuity happens. This is not quite true though, given we know that degeneracy also happens in the classical case, but no discontinuity of ρ * (α). This suggests that the discontinuity of ρ * (α) has some special structure beyond just degeneracy. To explore that special structure, we look at another example.
Example 2. Let the two observables be
The horizontal axis corresponds to the value of tr(ρF 1 ) and the vertical axis corresponds to tr(ρF 2 ) Now again consider the Hamiltonian H = aF 1 + bF 2 for some a, b ∈ R, as illustrated as supporting hyperplanes in Fig. 4 . Similarly, the ground state of H is two-fold degenerate for the point a < 1, b = 0 (corresponding to the vertical line at α 1 = 1) with a basis {|0 , |1 }. However different from Example 1, the ground states do not correspond to a single measurement result α = (1, 1). Instead, they are on the line
Now consider the maximum entropy inference ρ * (α), which is in fact continuous at the point α = (1, 1) , or even on the entire line [ (1, 0), (1, 1) ], that is, ρ
The supporting hyperplanes of L(F) in R 2 (i.e. the straight lines on the figure which are tangent to L(F), which corresponds to the Hamiltonians H = aF 1 + bF 2 .
For any small perturbation , the corresponding ground state space of −F 1 + F 2 is non-degenerate, meaning ρ * (α) is a pure state. This change of ρ * (α) from < 0 to > 0 is 'sudden' with respect to the small change of , which is accompanied by a sudden change of measurement results (e.g from a point near (1, 1) to (1, 0) ).
This example then demonstrates that when Hamiltonian changes smoothly, ground states have sudden changes accompanied by the sudden change of measurement results. In other words, the change of ground states can be described already by the change of measurement results. This is somewhat a 'classical feature,' as we will discuss in the next example.
Example 3. Let the two observables be
Now this corresponds to the classical situation where
The convex set L(F) in given in FIG. 5, which is a triangle, a polytope indeed. Now again consider the Hamiltonian H = aF 1 + bF 2 for some a, b ∈ R, as illustrated as supporting hyperplanes in Fig. 6 . Similarly, the ground state of H is two-fold degenerate for the point a < 0, b = 0 (corresponding to the vertical line at α 1 = 1) with a basis {|0 , |1 }. Also similarly, the maximum entropy inference ρ * (α) is continuous on the entire line [ (1, 0), (1, 1) ].
If we still consider for any small perturbation −F 1 + F 2 , the corresponding ground state space is non-degenerate: it is
FIG. 6:
|1 for < 0 and |2 for > 0. So from < 0 to > 0, we also see a sudden change of both the measurement results and the ground states. This example shows that the level-crossing at H = −F 1 in Example 2 is similar to a 'classical level-crossing' where measurement results are enough to tell that such a level-crossing happens. There is of course still difference. For instance, for the points α = (1− 1 , 1+ 2 ) for 1 , 2 > 0, when the Hamiltonian changes slightly, the ground state also changes slightly (which is a consequence of [F 1 , F 2 ] = 0). While in Example 3, near the point (1, 1) , the change of Hamiltonian may not correspond to any ground state change. In other words, the point (1, 1) corresponds to many supporting hyperplanes, as shown in Fig. 6 .
In fact, even if [F 1 , F 2 ] = 0, there could be points on the boundary of L(F) corresponding to many supporting hyperplanes. Those points are actually corresponding to Hamiltonians which are 'frustration free', meaning that the ground state of Hamiltonian is a ground state of both F 1 and F 2 .
We now summarize our observations from the three examples in this subsection as below. Observation 1. Given two measurements F 1 , F 2 corresponding to Hamiltonians of the form H = aF 1 + bF 2 , there are two kinds of ground state level crossing:
• Type I: level-crossing that can be detected by a sudden change of the measurement results.
• Type II: level-crossing that cannot be detected by a sudden change of the measurement results.
Although in both cases there are sudden changes in the ground states, only Type II corresponds to discontinuity of the maximum inference ρ * (α).
B. The general measurements
We now discuss discontinuity of ρ * (α) in case of the general measurements. We again start from an example with d = 3.
Example 4.
We consider the measurement of 3 operators, with F 1 , F 2 the same as given in Example 1 and
L(F) is a compact convex set in R 3 . Consider the point α = (1, 1, 0.5). If α is approached along the line [ (1, 1, 0), (1, 1, 1) ], there is no discontinuity of ρ * (α), similar as the discussion in Example 2.
However, if α is approached from → 0 in a Hamiltonian −F 1 + F 2 , then there is discontinuity of ρ * (α), similar as the discussion in Example 1.
This example shows that, in general for k measurements, whether there is discontinuity of ρ * (α) at the point α ∈ L(F) depends on the direction on the boundary of L(F) along which α is approached. If there is a sequence α s approaching α but
then there is discontinuity of ρ * (α). Suppose ρ * (α s ) →ρ when α s → α, then we must havẽ ρ ∈ L(α). That is,ρ returns the measurement results α. But ρ must have a lower rank than that of ρ * (α), then we have the discontinuity of ρ * (α) at α. This then gives us a necessary condition for discontinuity of ρ * (α).
Observation 2.
A necessary condition for the discontinuity of ρ * (α) at the point α is that there exists a stateρ ∈ L(α) with a lower rank than that of ρ * (α).
We emphasize that, although the discontinuity of ρ * (α) at the point α ∈ L(F) depends on the direction of approaching α, it is a 'global' property at the point of α instead of a 'local' one, in the sense that one can never view the discontinuity from some direction without considering all the other directions. We consider the following example.
Example 5. Consider the measurement of 4 operators, with F 1 , F 2 , F 3 the same as given in Example 4 and
And let F = (F 1 , F 2 , F 3 , F 4 ). Note that, the 'projection' of L(F) to the plane spanned by (F 1 , F 2 ) is nothing but FIG. 1 , whose maximum entropy inference has discontinuity at the point (1, 1) . However, for the measurements F, one cannot conclude the existence of points of discontinuity by solely examining the discontinuity at its projections (e.g. the discontinuity for measuring (F 1 , F 2 ) only). The existence of (F 3 , F 4 ) does matter.
To see why, for the point α = (1, 1, 0.5, 1), the maximum entropy inference is ρ * (α) = 1 2 (|0 0| + |1 1|). However, there is not any rank one state α|0 +β|1 with |α| 2 +|β| 2 = 1 which can return the measurement result α. Then according to Observation 2, there is in fact no discontinuity at α.
Notice that the condition in Observation 2 is not sufficient. Example 2 provides a counterexample. Example 4 does hint for a sufficient condition for the discontinuity of ρ * (α) though.
Observation 3. For a set of observables F = (F 1 , . . . , F r ), if:
• the ground state space V 0 of some Hamiltonian H 0 = r i=1 c i F i is degenerate with the maximally mixed state supported on V 0 be ρ * , which corresponds to measurement results α i = tr(ρ * F i );
• there exists a basis |ψ a of V 0 such that
for any a = b and F i ∈ F;
• there exists a sequence of
such that the Hamiltonian H = H 0 + r i=1 i F i has unique ground states |ψ( ) at any nonzero , and
where |ψ = Notice that Eq. (20) is the quantum error-detecting condition for the error set F but without the coherence condition of ψ a |F j |ψ a = c j for a = b [17] , where c j is a constant that is independent of a.
In this sense, Eq. (20) is the classical error detecting condition, not the quantum one. However, as we know that a classical system is without discontinuity, we will need at least some 'quantumness', as given by Eq. (22) . And what Eq. (22) guarantees, is the existence of a pure state |ψ that is in L(α). That is, |ψ corresponds to the same measurement results α as those of ρ * (α) = ρ * . Another interesting thing of Example 4 is that the discontinuity of ρ * (α) does not only happen at the point α = (1, 1, 0.5). In fact it can happen at any point (1, 1, s) with (0 < s < 1). This can be done by engineering the Hamiltonian
with lim →0 f ( ) = 0 for some function f ( ).
IV. THE DISCONTINUITY OF ρ * FOR LOCAL MEASUREMENTS
We now apply our general understanding of the discontinuity of general measurements to the case of local measurements, and discuss the relationship of discontinuity to the concept of irreducible non-local correlations.
A. The local measurements
First notice that Observation 1 naturally generalizes to the case of general measurements of observables F = (F 1 , . . . , F r ). Here we restate it in terms of local measurements.
Observation 4. For an n-particle system, consider the set of all k-local measurements F, which then corresponds to a local Hamiltonian H = j c j F j with F j ∈ F acting nontrivially on at most k particles. There are two kinds of ground state level crossing:
• Type I: level-crossing that can be detected by a sudden change of the k-RDMs ρ (k) .
• Type II: level-crossing that cannot be detected by a sudden change of the local k-RDMs ρ (k) .
Only Type II corresponds to discontinuity of the maximum entropy inference ρ * (ρ (k) ).
We look at an example of the three-qubit GHZ state.
Example 6. The three-qubit GHZ state given by
is known to be the ground state of a two-body Hamiltonian
with Z i the Pauli Z operator acting on the i-th qubit. The ground state space of H is two-fold degenerate and is spanned by {|000 , |111 }. Now consider the point of 2-RDMs
with ρ {i,j} = 1 2 (|00 00| + |11 11|) being the 2-RDM of qubits i and j.
Obviously
Similar as Example 4, there is discontinuity of ρ * at the point ρ (2) , but it depends on the direction ρ * is approached on the boundary of L (2) . If it is approached by e.g. H + Z 1 for → 0, there is no discontinuity. And if it is approached by e.g. H + X 1 for → 0, there is discontinuity as the corresponding ground state for = 0 is unique (this can be rigorously shown by results in [18, 19] ), hence the corresponding ρ * approaches |GHZ 3 GHZ 3 |, which has a lower rank than that of ρ * (ρ (2) ). These are consistent with Observation 2. Also, we know that {|000 , |111 } is a classical error-correcting code detecting two (single-qubit) errors (hence correcting a single error). These are all consistent with Observation 3.
We would then like to restate Observation 2 and Observation 3 in terms of local measurements.
Observation 5. A necessary condition for the discontinuity of ρ * (ρ (k) ) at the point ρ (k) is that there exists a stateρ ∈ L(ρ (k) ) with a lower rank than that of ρ * (ρ (k) ).
To better understand Observation 5, we would like to examine an example where the condition is not satisfied.
Example 7.
Consider again a three-qubit system, and the Hamiltonian
as discussed in [20] , where H ij acting nontrivially on qubits i, j with the matrix form 
(29)
The ground-state space of the Hamiltonian H is two-fold degenerate and is spanned by
Now take the maximally mixed state
and its 2-RDMs be ρ (2) .
It is straightforward to check that there does not exist any rank 1 state in the ground-state space with the form α|ψ 0 + β|ψ 1 that has the same 2-RDMs as ρ (2) . Therefore, for ρ * (ρ (2) ), the condition in Observation 5 is not satisfied, hence no discontinuity at the point ρ (2) .
Compare Example 6 with Example 7, the former is with a ground-state space which is a classical error-detecting code detecting two errors, but the later is not. This now hints of a generalization of Observation 3 to the case of local measurements.
Observation 6. For a set of k-local observables F = (F 1 , . . . , F r ), if:
• the ground state space V 0 of some Hamiltonian H 0 = r i=1 c i F i is degenerate with the maximally mixed state supported on V 0 be ρ * , which corresponds to k-RDMs ρ (k) ;
where |ψ = 1 √ m m a=1 |ψ a and m is the ground state degeneracy of H 0 (m > 1);
Similarly, Eq. (32) is the error detecting condition for the error set F but without the coherence condition of ψ a |F j |ψ a = s j for a = b, hence this classical code is capable of detecting k errors (hence correcting k 2 errors). In case the coherence condition is satisfied for all F j , we then have a quantum error detecting condition that detects all F j . In this case, if ρ (k) is approached from any lower rank sequence ρ
is always discontinuity at ρ (k) .
B. The relationship to irreducible many-body correlations
Observation 5 hints for an intimate relationship between the discontinuity of ρ (k) and the irreducible many-body correlations. For an n-particle quantum state ρ, denote its k-RDMs by ρ (k) . Then its k-particle irreducible correlation is given by [18, 21] 
What C (k) measures is the amount of correlation contained in ρ (k) but not contained in ρ (k−1) . In terms of this language, we can rewrite our Observation 5 as Observation 7. A necessary condition for the discontinuity of
with non-vanishing irreducible l-party correlation for l > k.
This link to irreducible many-body correlation allows us to use existing algorithms to compute the discontinuity of ρ * (ρ (k) ) [22, 23] . All these algorithms approach
, which is always continuous even when extending to the boundary of L (k) . However, when it is near a point of discontinuity, the approach to the boundary cannot be in a uniform rate.
Notice that none of the algorithms, involving repeat computing of e H / tr(e H ) for some local Hamiltonian H of the system, could be efficient for many-body systems with large particle number n. One would seek for some other method to estimate C (k) . To do so, let us consider a one-dimensional chain with a periodic boundary condition, as illustrated in When n is large, the regions A, C will be far from each other so it is reasonable to believe that for any tripartite state ρ ABC , the mutual information I(A : C) = S(A) + S(C) − S(AC) is zero. Here S(A), S(C), S(AC) are the von Neumann entropy of the reduced density matrices ρ A , ρ C , ρ AC of ρ ABC .
Our goal is to detect long-range irreducible many-body correlation, which is to detect the three-body irreducible correlation of ρ ABC in this case. Define
then the three-body irreducible correlation of ρ ABC is given by
However, because in fact each part A, B, C contains many particle, C ABC is still hard to calculate. It is known, however, that C ABC is upper bounded by the quantum conditional mutual information (38) i.e.
with equality holds when I(A : C|B) = 0 for ρ * ABC [24, 25] . And there are reasons to believe that the equality does hold for many-body ground states [25, 26] .
Therefore, we propose to use I(A : C|B) to detect the existence of long-range irreducible many-body correlations in many-body ground states. Based on the connection to the maximum entropy inference, I(A : C|B) can also be used to detect the discontinuity of ρ * , hence to detect the type-II level-crossing (i.e. the non-local type). For more discussion on the physical aspects of I(A : C|B), we refer to [27] .
V. THE DISCONTINUITY OF ρ * FOR QUANTUM PHASE TRANSITIONS
We are now ready to link our understanding of the discontinuity of the maximum entropy ρ * (ρ (k) )) to quantum phase transitions. We are interested in systems of large n (in the ideal case, the thermodynamic limit of n → ∞), and 'local' k (i.e. any k which is independent of n).
Recall that in a usual model for quantum phase transitions, we consider a local Hamiltonian H(λ) which depends on some parameters λ. While H(λ) smoothly changes with λ, the change of the ground state |ψ 0 (λ) may not be smooth, where quantum phase transition happens [1] .
Based on the discussion of the previous sections, an analogy of Observation 4 naturally suggests two types of quantum phase transitions, as summarized below.
Observation 8. When the Hamiltonian changes smoothly from H(λ) to H(λ + δλ), consider ρ * (λ), the maximally mixed states supported on the ground state space, and the corresponding local density matrices ρ L (λ). There are two kinds of quantum phase transitions
• Type I (the local type): transitions that can be detected by a sudden change of local density matrices. That is, ρ L (λ) changes suddenly to ρ L (λ + δλ).
• Type II (the non-local type): transitions that cannot be detected by a sudden change of local density matrices. That is, ρ L (λ) changes smoothly to ρ L (λ + δλ).
The discontinuity of the maximum entropy inference based on local measurements signals the non-local type phase transitions, with some ground states exhibiting non-local irreducible many-body correlations.
A. The Transverse Ising Model
From Observation 6 we know that typically, the ground state space is a classical error-correcting code which corrects all local errors. The corresponding phase transition is traditionally known as a 'symmetry-breaking' one, when the transition is approached on the boundary of L (k) , from a (lower rank) direction that does not break the symmetry, discontinuity of maximum entropy occurs. Once the symmetry is broken, it is possible to determine the transition from local order parameters.
We would like to demonstrate our idea by examining the phase transition in the transverse Ising model, a spin- 
for J > 0. The Hamiltonian H(λ) has a Z 2 symmetry, which is given by X ⊗n , i.e. [X ⊗n , H(λ)] = 0. In the limit of λ = 0, the ground state of H(0) is two-fold degenerate and spanned by {|0 ⊗n , |1 ⊗n }. And in the limit of λ = ∞, the ground state of H(∞) is non-degenerate and is given by
In case of finite n, the ground states of H(λ) for any λ > 0 is non-degenerate. Based on a similar discussion of Example 6, denote the maximally mixed state supported on the ground state space of H(λ) by ρ * (λ). Notice that lim λ→0 + ρ * (λ) = |GHZ n GHZ n |, where |GHZ n is the n-
Obviously ρ * (0) has rank 2, and when ρ * (0) is approached from the ground states ρ * (λ) of H(λ) the local RDMs of ρ * (λ) change smoothly, so discontinuity of ρ * (λ) happens at λ = 0. That is, the discontinuity is due to a sudden jump of rank from lim λ→0 + rank(ρ * (λ)) = 1 to rank(ρ * (0)) = 2.
In the thermodynamic limit of n → ∞, it is well-known that when λ increases from 0 to ∞, quantum phase transition happens at the point λ = 1 [28] . For λ → 1 + , the λ = 1 is exactly the point where the ground states of H(λ) undergo the transition from non-degenerate to degenerate. A discontinuity of ρ * (λ) happens at λ = 1 when λ → 1 + , which is a sudden jump of rank from lim
while the local RDMs of ρ * (λ) change smoothly.
For 0 < λ ≤ 1, the two-fold degenerate ground states, although not the same as those two at λ = 0, are qualitatively similar, in a sense that it is a classical error correcting code correcting all local errors. For the range of 0 ≤ λ ≤ 1, the ground states are all two-fold degenerate. For finite n, however, in the region of 0 < λ ≤ 1, an (exponentially) small gap exists between two near degenerate states, and the true ground state does not break the Z 2 symmetry of the Hamiltonian H(λ). This means that lim λ→0 + ρ * (λ) = |GHZ n GHZ n |, so as already discussed, the 'true' discontinuity of ρ * (λ) happens at λ = 0.
As discussed in Sec. IV.B, for a system on a chain, we can use the quantity I(A : C|B) to detect the existence of longrange irreducible many-body correlations. We have computed I(A : C|B) for the ground state of H(λ), with total 4, 8, 12 particles of the system, as shown in Fig. 8 . From Fig. 8 we learn that even for a system of small size, I(A : C|B) clearly indicate a phase transition at λ = 1 (where the three curves intersect). , and the horizontal axis is the value of λ. A similar result is presented in [27] , from a different viewpoint.
However, the phase transition of the Hamiltonian with a Z direction magnetic field, given by
is a 'local' transition without discontinuity of ρ * (λ z ). That is, when approached on the boundary of L (k) , from the direction corresponding to λ z → 0, the local RDMs of ρ * (λ z ) has a sudden change at the point λ z = 0 (and significantly different for any two points each corresponding to λ z < 0 and λ z > 0).
B. The Toric Code Model
If the ground state space is a quantum error-correcting code which corrects all local errors, then the corresponding phase transition is a 'topological' one, and discontinuity of maximum entropy occurs where the transition is approached on the boundary of L (k) , from any low rank direction. We consider the toric code model [29] , which is a spin- 1 2 model on an L×L square lattice, with every edge representing a spin, hence there are total n = 2L 2 spins. The Hamiltonian is
where s runs over all vertices (stars) and p runs over all faces (plaquettes). The star operator A s = j∈∂s X j , where ∂s is the set of edges surrounding the vertex s. The plaquette operator B p = j∈∂p Z j , where ∂p is the set of edges surrounding the face p. In the above formula, the operators X j and Z j are Pauli operators of the j-th spin. C sh , C pv , C sv , C ph respectively.
As the star and plaquette operators commute the ground state space is given by the stabilizer formalism of quantum code
When the periodic boundary condition is considered (i.e., a torus), we have s A s = 1 and p B p = 1 for any closed surface, which implies that there exist one dependent star operator and one dependent plaquette operator. The subspace of the ground states is characterized by the two sets of logical operators,X indicate that the local/non-local types of level-crossing is intimated to the true/avoided types of level-crossing.
FIG. 10:
The energy levels of H = −F 1 + bF 2 for F 1 , F 2 given in Example 1, which is an 'avoided' level-crossing.
The green, yellow, red curves correspond to the three different energy levels.
FIG. 11:
The energy levels of H = −F 1 + bF 2 for F 1 , F 2 given in Example 2, which is a 'true' level-crossing. The green, yellow, red curves correspond to the three different energy levels.
Let us consider a Hamiltonian H(g) = H 1 + gH 2 , and the set of measurement results L(H), where H = (H 1 , H 2 ). Then typically, the true/avoided types of level-crossings have qualitatively different L(H). For the true level-crossing, the shape of L(H) is typically with a flat boundary. For the avoided level-crossing, the shape of L(H) has some smooth boundary, which often implies that we can not directly derive the phase transition point from the numerical range of H 1 and H 2 . Notice that, in quantum phase transitions, we are mainly interested in the second type of level-crossing.
The case of more than two F i s may be much more complicated, as the convex set L(F) may have both flat and smooth boundaries, depending on the direction. This indicates the fact that approaching the discontinuity from different directions may correspond to different kind of level crossing, as discussed in the Ising case: the level-crossing of H(λ) is an avoided level-crossing, but the the level-crossing of H(λ z ) is a true level-crossing.
We remark that the convex set L(F) is mathematically related to the so-called '(joint) numerical range' of the operators F i s. For more mathematical aspects of these (joint) numeral ranges and the discontinuity of the maximum entropy inference, we refer to [31] .
Essentially, the discontinuity only happens at the transition points. To detect the discontinuity, we propose to use the quantum conditional mutual information of two disconnect parts of the system, which is an analogy of the LevinWen topological entanglement entropy [24] . We have demonstrated how the conditional mutual information detects the phase transition in the transverse Ising model and the toric code model. It will be interesting to see whether we can use this conditional mutual information to study quantum phase transitions in some other systems.
